
















Teacher Content Knowledge Survey  - TCKS (N=97)

Criteria for the Purposive Teacher Sampling:
• teachers represent upper and lower quartiles of the total scores on the TCKS 
• have similar teaching experience 
• have similar teaching assignments 
• teach at similar school settings

Teacher Interview

Teacher  - 1 (Irina) Teacher - 2 (Marina)

Student
Problem Solving

Student group -2
(n=26)

Student group -1
(n=29)



Teacher Score Quartile Range

Marina 25 Q4 24-27

Irina 17 Q1 13-18

• The selected study sample consisted of two teachers - Irina and 
Marina (anonymous) - who met the requirements of the purposive 
sampling. 

• Irina and Marina’s total scores on TCKS with corresponding quartiles’ 
ranges are presented in table below.



Question Types Questions Teachers Students

Questions on 
pedagogical 
content 
knowledge

1) When you teach fraction division, what are important 
procedures and concepts your students should learn? 
2) What is the meaning(s) of the division of fractions?

+

+

Questions on 
cognitive types of 
content 
knowledge

3) What is the fraction division rule?
4) Divide two given fractions  and ½  : 1 ¾ . 
5) Construct a word problem for the fraction division from the 
previous question.   
6) Is the following statement
(a, b, c, and d are positive integers) ever true?

+
+

+

+

+

+

+bd
ac

d
c

b
a
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We purposefully used similar questions for teachers and students in order to trace linguistic, procedural, and 
conceptual traits in their reasoning as well as to analyze non-parametric quantitative associations between 
teacher and student topic-specific knowledge.       



linguistic analysis

meaning coding





Teachers’ 
name

Knowledge of 
facts and 
procedures (%) 

Knowledge of 
concepts and 
connections (%)

Knowledge of 
models and 
generalizations (%)

Irina 80 46 30
Marina 90 69 70



IRINA MARINA
1
2
3
4
5
6
7
8
9
10

Before introducing the fraction division, 
I would like my students to recall the 
topic on factoring a polynomial, recall 
the rule of fraction multiplication, and 
recall reciprocals. After the lesson on 
fraction division, I expect my students to 
know fraction multiplication and division
rules, acquire skills to use these rules in 
standard situations, as well as apply 
factorization of polynomials.

When I teach fraction division, first of all, I 
expect students to learn fraction division rule 
as it applies to the case of common fractions. 
Then, I expect them to know how to apply the 
rule to mixed fractions. Further, students need 
to understand how to use the fraction division 
in routine and non-routine problem-solving 
situations. Pedagogy wise, I always support 
students' motivation through engaging 
students in small group work and classroom 
discussion.



IRINA MARINA
1
2
3
4
5
6
7
8
9
10

Well… there are two main 
problems in school arithmetic: 
finding a part of a whole and 
finding a whole knowing its’ 
part. Said that the meaning of 
fraction division is finding a 
whole knowing its’ part.

From my perspective… There are at least two 
meanings for the division of fractions. The first 
meaning is based on the interpretation of division 
as operation opposite to multiplication. In other 
words… to divide a fraction A by a fraction B 
means to find a fraction C such as A=B x C. For 
example, 5/6 divided by 1/6 means that there is a 
fraction C such as 5/6 = 1/6 x C. Or 5/6 ÷ 1/6 =5. On 
the other hand, the division is a kind of “sorting”. 
For instance,1/2 = 1/4 + 1/4 = 1/4 x 2 meaning that 
1/4  goes 2 times into 1/2 whereas 1/2 goes 1/2 
times into 1/4. Hope it makes sense… [smiles]      



IRINA MARINA

1
2
3
4
5
6
7
8

The rule of fraction division is reduced to 
the rule of fraction multiplication. 
Therefore, you need to multiply the first 
fraction by the reciprocal of the second 
one. 
INT: What do you mean by reduced to 
fraction multiplication?
As students say, cross multiply fractions.

In order to divide fractions, you need to 
multiply dividend by the reciprocal of 
the divisor. For example, 

(writes on a scratch paper). Generally 
speaking, fraction division "boils down" 
to multiplication.

2
25

3
10

4
15

10
3

4
15

=×=÷



IRINA MARINA

1
2
3
4
5
6
7

(writes on a scratch paper without any 
comments)

First, we convert given mixed 
fraction 1 3/4 to common one 7/4. 
Notice, here the numerator is larger 
than the denominator. Then, we 
replace division by multiplication 
reversing the divisor. Hence, 

(writes on a scratch paper).
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IRINA:

INT:

IRINA (writes 
on a scratch 
paper):

May I write down the problem on the 
paper?

Yes, of course.

Area of a rectangle is equal to 1 3/4 cm2, 
its length is equal to 1/2 cm. Find the 
width of the rectangle.



1
2
3
4
5

MARINA:

INT:
MARINA:

Here is my word problem: an 
automated machine packs butter in ½ 
kg bricks. How many bricks can one 
make out of 1 ¾ kg of butter?
May I draw a picture!?
Sure.
(draws a picture on a scratch paper)



# IRINA MARINA

1
2
3
4
5
6

The given statement is not 
correct. In order to divide 
fractions, you need to multiply 
the first one by a reciprocal of 
the second one.

I like this question. It makes me think.
INT: Good.
Alright, notice that in order to solve this 
problem ac/bd should be equal to ad/bc. 
Right? 
INT: So…
Therefore, c/d=d/c. This is possible only if 
c=d.



Terms used by 
students

Irina’s Group 
(n=29)

Marina’s Group 
(n=26)

χ2

Flip 19 15 0.356
Cross-multiply 14 10 0.537
Reciprocal 1 5 3.513
Dividend 0 4 4.811*
Divisor 2 8 5.252*
First fraction 10 1 8.042**
Second fraction 11 3 5.033*



Meaning of fraction division used 
by students

Irina’s 
Group 
(n=29)

Marina’s 
Group 
(n=26)

χ2

Measurement interpretation 3 8 3.574

Finding a whole given a part 1 3 1.331

Missing factor problem 4 3 0.063

Replacing division scenario by 
multiplication

4 1 1.641



Student responses Irina’s Group 
(n=29)

Marina’s Group 
(n=26)

χ2

Never true 25 6 22.214**
Impossible 3 1 0.859
True if a=b=c=d=1 0 3 3.539
True if a=b and c=d 1 2 0.479
True if c=d 0 8 10.442**
No solution 0 4 4.811*



Irina’s Group 
(n=29)

Marina’s Group 
(n=26)

χ2

Question 1 28 25 .410

Question 2 8 14 3.939*

Question 3 1 10 8.430**







































• Both selected subjects are experienced lower secondary mathematics 
teachers and both of them are females of the same ethnic origin. Irina has 
33 years of teaching experience and Marina - 21 years of teaching 
experience. 

• Addressing the observable difference (33 and 21) in teaching experience 
between two participants we could refer to existing research that reports 
the following – “experience did not show a significant association with CK, 
nor with PCK” (Olfos, Goldrine, Estrella, 2014, p. 927). 

• Participants have similar teaching assignments - 5-8 grade mathematics 
with content addressing the following main objectives: Arithmetic, Algebra 
and Functions, Probability and Statistics, and Geometry. 

• They both teach at urban public schools with similar student population 
concerning its’ ethnic distribution and SES level. 
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